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$a_{1j}= \frac{i-j}{\sqrt{1+(i-j)^{2}}}$ $(i,j=1,2, \cdots,n, \cdots)$
sup $infM(x,y)=-1<1<\inf$ $supM(x, y)$ ,
$x$ $y$ $y$ $x$
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$x_{i}=\{\begin{array}{ll}\frac{1}{2i’} i=2^{k}, k=0,1,2, \cdots 0, otherwise\end{array}$
$M(x,j)= \sum_{:\simeq 1}^{\infty}x_{i}a_{ij}=+\infty$
II $\blacksquare$
{X, $Y,$ $M(x,$ $y)$ } 2 $0$ $X$ $Y$
(a) Euclid
(b) $(0, \infty)$ $\phi(t)$ $\int_{0}^{\infty}\phi(t)dt\leq\alpha$
(c) Vector $[\phi(t), \cdots, \phi_{m}(t)]$ $0<\phi_{:}(t)<1(0\leq t\leq 1;i=1, \cdots, n)$
2 $0$
$\max_{x\in X}\min_{y\in Y}M(x,y)=\min_{y\in Y}$ $a_{e\epsilon x}M(x,y)$
min-max $M(x, y)$ $X$ $Y$
sup $infM(x,y)=$ inf $supM(x,y)$
$x\epsilon x\nu\in Y$ $\nu\in Y_{x\in X}$









Player $i$ $M_{1}(x, y)$ $(i=1,2)$













$M(x, y)$ $0\leq x,$ $y\leq 1$
$\max\dot{m}nF\in DG\in D\int_{0}^{1}M(x, y)dF(x)dG(y)$ $\min_{G\in D}\max_{F\epsilon D}\int_{0}^{1}M(x, y)dF(x)dG(y)$
$\blacksquare$
min-max $M(x,y)$
. . . min-max
$\epsilon$-
166
$(x_{e}, y_{\epsilon})$ 2 $0$ {X, $Y,$ $M(x,$ $y)$ } $\epsilon$- ( $\epsilon$- ) Player
I, 1I $x\in X,$ $y\in Y$
$H(x,y_{\epsilon})-\epsilon\leq M(x_{\epsilon},y_{e})\leq M(x_{e},y)+\epsilon$
2 $0$ {X, $Y,$ $M(x,$ $y)$ } $v$





2 $0$ $0$ $0$ 2





$X_{1}\subset R^{m}$ Player I $X_{2}\subset R^{n}$ Player II
$X_{1}xX_{2}$ $M_{1}(x,y)$ $M_{2}(x,y)$ $X_{1}xX_{2}$
$M_{1}(x, \nu)$ $y$ $x$ $M_{2}(x, y)$
$x$ $y$ 2 $0$ $\{X_{1}, X_{2}, M_{1}(x,y), M_{2}(x, y)\}$ Nash
$(x^{*}, y^{*})$ [Parthasarathy and Raghavan (1971)] I
( )
$X_{1}$ $X_{2}$ $M_{1}(x,y)$ $M_{2}(x, y)$ $X_{1}xX_{2}$














$M(F^{\text{ }},y)\equiv$ const for $\nu\in[a, b]\subset[0,1]$ $F^{\text{ }}$ Player I Player
$M(F^{\text{ }}, y)\{\begin{array}{l}=>\end{array}\}v_{1}$ Ior $y\in\{[a_{2},b_{2}[a_{2},b_{2}|c\}$ ;
$M(x, G^{\text{ }})\{\begin{array}{l}=<\end{array}\}v_{2}$ for $x\in\{[a_{1},b_{1}[a_{1},b_{1}|e\}$
$v_{1}=v_{2}=M(F^{\text{ }}, G^{\text{ }})$ $F^{\text{ }},G^{\text{ }}$ $M(F^{\text{ }}, G^{\text{ }})$
$F^{\text{ }}(a_{1})=G^{\text{ }}(a_{2})=0$ ; $F^{\text{ }}(b_{l})=G^{\text{ }}($ $)=1$
(2’) $(flxed\cdot pointmethod)$ $(F^{\text{ }}, G^{\text{ }})$
(a) $M(F,G^{\text{ }}) arrow\max F\epsilon D$
(b) $M(F^{\text{ }},G) arrow\min_{\circ\epsilon D}$
$F^{\text{ }}$ (a) $G^{\text{ }}$ (b) $F^{\text{ }},G^{\text{ }}$
2 $0$ Nash $(2^{\text{ }})$
$M_{1}(F,G^{\text{ }}) arrow\max F\in D$
$M_{2}(F^{\text{ }},G) arrow\max G\in D$
$(F^{\text{ }}, G^{\text{ }})$ $(1^{\text{ }})$
$M_{1}(x, G^{\text{ }})\{\begin{array}{l}=<\end{array}\}v_{1}$ for $x\in\{[a_{1},b_{1}[a_{1}, b_{1}]_{C}\}$ ;





$(F^{\text{ }}, G^{\text{ }})$ 1 Nash
4
4.1
Ex. (search on a closed interval.) [Diubin and Suzdal (1981)].
Player II(Hider) $y\in[0,1]$ Player I $n$
$x\in[0,1]$ $y$ $|x-y|<\ell$, $0<\ell<1$ , $n$ I
I +1 $0$
$M(x,y)=\{\begin{array}{ll}1, if |x-y|\leq\ell 0, otherwise\end{array}$
$\blacksquare$
Ex. ( ) $R^{S}$ $R$ $C$ Player I(searcher) $x_{1},$ $\cdots$ , $x$ . $\in C$
Player II $y\in C$ $x_{j},j=1,$ $\cdots,$ $s$
1 \gamma . $y$ Player $x_{j}$
$\gamma$- x $\gamma$
$x_{j}$ $\gamma$- $S(x_{j}, \gamma)$ Player I Player II II I
Player I
$M(x,y)=\{\begin{array}{ll}1, if y\in M_{1}0, otherwise\end{array}$
$x=(x_{1}, \cdots, x.)$ $M= \bigcup_{j}^{l}=1(x_{j},\gamma)_{\text{ }}$
$\blacksquare$
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Ex. ( ) $S_{1}$ $S_{2}$ PlayerI $x\in S_{1}$ II $y\in S_{2}$
$A^{a_{\text{ }}}$ Player II Player
I I II $I_{\backslash }$ II
$x\in S_{1},$ $y\in S_{2}$ Player I $x$ $y$ $\rho(x, y)$
$M(x,y)=\rho(x,y),$ $x\in S_{1},y\in S_{2}$
$\blacksquare$
Ex. ( ) $S_{1}=S_{2}=S$ $S$ $r$
$R$ :
Player I $S$ $\mu$ II $\nu^{*}$
( )
$M( \mu,\nu)=\frac{1}{4\pi^{2}}\int_{0}^{2}\int_{0}^{2\pi}\sqrt{R^{2}+r^{2}-2Rrc\propto(\varphi,\psi)}d\varphi d\psi$
$= \frac{1}{2\pi}\int_{0}^{2n}\sqrt{R^{2}+r^{2}-2Rr }$cos $\xi d\xi\equiv\Phi(r, R)$
$\psi$
$\varphi$ Player I,II
Player I $x=(\rho, \psi)$ II \mbox{\boldmath $\nu$}. I $M(x, \nu^{*})$
II $y=(\mu^{*}, y)$ I $\mu^{*}$ I $M(\mu, y)$
$M(x, \nu)=\Phi(r,\rho)=\frac{1}{2\pi}\int_{0}^{2\pi}\sqrt{r^{2}+f-2r\rho coe\xi}d\xi$
$M( \mu, y)=\Phi(\rho, R)=\frac{1}{2\pi}\int_{0}^{2\pi}\sqrt{R^{2}+\rho^{2}-2R\rho coe\xi}d\xi$
$r\leq\rho\leq R$
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(buyer) $\pi$ (seller) $T(\cdot)$
$x$ buyer seller $T(x)$
$0\leq T(x)\leq x,$ $\pi=\int_{0}^{\infty}T(x)dF(x)$
$u(z),$ $v(z)$ buyer seller Player
buyer $\int_{0}^{\infty}u[-\pi-x+T(x)]dF(x)arrow\max T(\epsilon)$ ;
seNer $\int_{0}^{\infty}v[\pi-T(x)]dF(x)arrow\max T(ae)$
$u(\cdot),$ $v(\cdot)$ buyer seUer
4.4
1950 1%0
$B1uk\dot{w}eU$ $Karlin$ $Raetrepo$ $Shiffian$ $Smith$ . . .
.
:
2 (Player $I,II$) 2
$A_{1}(x)$ $=$ Player I $x$ ( $2(1-x)$ )
$A_{2}(y)$ $=$ Player II $y$
$A_{:}(O)=0,$ $A:(1)=1$ $(i=1,2)$
( ) noisy bullet
silent bullet noisy bullet
noisy $due1$ silent bullet silent $due1$ silent bullet
$noi_{8}y$ bullet silent-noisy duel @
SKarlin Mathematical Methods apd $Th\infty ry$ in $Gm\infty,Progmming$ md





$x$ $x$ Player II $Y\in[0,1]$
Player I
$M(x,y)=\{\begin{array}{ll}2A_{1}(x)-1, x<yA_{1}(x)-A_{2}(x), x=y1-2A_{2}(y), x>y\end{array}$
$A_{1}(t)+A_{2}(t)=1$ $[0,1]$ (to, to)
$\blacksquare$
Noisy Due -Fox and Kimeldort (1969)
PlayerI $m$ II $n$ DP
$G_{mn}$ $G_{m,n+1}$ $G_{m-1,n}$ $G_{mn}$
$\{t_{1j} : i,j=1,2, \cdots\}$ $\{v_{\lrcorner}\cdot : i,.i=1_{1}2_{1}\cdots\}$
$v_{1j}$ $=$ $A_{1}(t_{1j})+[1-A_{1}(t_{1j})]v_{i-1,j}$
$=$ $-A_{2}(t_{1j})+[1-A_{2}(t_{1j})]v_{i,j-1}$ ,








Player I $X\in[0,1]$ $n$ $y\in[0,1]$
Player I $M(x,y)$
$M(x,y)=\{\begin{array}{ll}A_{1}(x)-\{1-A_{1}(x)\}A_{2}(y), x<yA_{1}(x)-A_{2}(x), x=y-A_{2}(y)+\{1-A_{2}(y)\}A_{1}(x), x>y\end{array}$
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PlayerI $[0,1]$ $cdfF(x)$ $F(x)$
$(a, 1)\subset[0,1]$ $f(x)>0$ mass $\alpha\geq 0$
Player II $[0,1]$ cdf $g(y)$ $g(y)$ $(a, 1)\subset[0,1]$
$g(y)>0$ mass $\beta\geq 0$
$M(F,y)\{\begin{array}{l}=>\end{array}\}v_{1}$ for $y\in\{\begin{array}{l}[a,l][0,a]\end{array}\}$ ;
$M(x,G)\{\begin{array}{l}=<\end{array}\}v_{2}$ for $x\in\{\begin{array}{l}[a,1][0,a]\end{array}\}$
$a_{1}$ $a_{2}$
$1+ \frac{1}{A_{2}(a)}=l^{1}\frac{A_{2}’(t)}{A_{1}(t)\{A_{2}(t)\}^{2}}dt$ ; $1+ \frac{1}{A_{1}(a)}=$ 1 $\frac{A_{1}’(t)}{A_{2}(t)\{A_{1}(t)\}^{2}}dt$
$[0,1]$ $a= \max(a_{1}, a_{2})$ I,II $P(x)$ $G(y)$
:
$F^{\cdot}(x)=\{\begin{array}{ll}0, 0\leq x<al^{x}\frac{k_{1}A_{2}’(t)}{A_{1}(t)\{A_{2}(t)\}^{2}}dt+\alpha I_{1}(x), a\leq x\leq 1\end{array}$
$G^{*}(y)=\{\begin{array}{ll}0, 0\leq y<a\int_{a}^{y}\frac{k_{2}A_{1}’(t)}{A_{2}(t)\{A_{1}(t)\}^{2}}dt+\beta I_{1}(y), a\leq y\leq 1\end{array}$
$I_{1}(z)$ $z=1$ unit-step function








Silent Duels -Restrepo (1957),
Noisy Duels Player I $m$ II $n$ I
$x=(x_{1}, \cdots, x_{m})$ $0\leq x_{1}\leq\cdots\leq x_{m}\leq 1$ II $y=(y_{1}, \cdots, y_{n})$ $0\leq y_{1}\leq\cdots\leq$
$y_{n}\leq 1$ I $M(x_{1}, \cdots, x_{m};y_{1}, \cdots, y_{\mathfrak{n}})$
$M(x_{1}, \cdots,x_{m};y_{1}, \cdots,y_{n})=\{\begin{array}{ll}A_{1}(x_{1})+[1-A_{1}(x_{1})]M(x_{2}, \cdots,x_{rn};y_{1}, \cdots, y_{n}), x_{1}<y_{1}-A_{2}(y_{1})+[1-A_{2}(y_{1})]M(x_{1}, \cdots,x_{n}.;y_{2}, \cdots,y_{n}), y_{1}<x_{1}\end{array}$
$x_{1}=y_{1}$ 2 Player I,II $F(x),$ $G(y)$
:
$F(x)= \prod_{1=1}^{m}F_{1}(x:)jG(y)=\prod_{=1}^{\iota}G:(y_{i})$
$F_{*}\cdot(x:)$ $[a:, a:+1]$ $i<m$ Pdf $i=m$ $[a_{m}, a_{m+1}$ )
$a_{m+1}$ ma88 $\alpha\geq 0$ $G_{j}(y_{j})$ $[b_{j}, b_{j+1}]$ $i<n$






Player I mlent bullet II noisy bullet
I $x\in[0,1]$ $x$ II $x$
1 II $x$ $x$ Player
II $y\in[0,1]$ Player I $M(x, y)$
$M(x,y)=\{\begin{array}{ll}A_{1}(x)-\{1-A_{1}(x)\}A_{2}(y), x<yA_{1}(x)-A_{2}(x), x=y1-2 A_{2}(y), x>y\end{array}$





$F^{\cdot}(x)=\{\begin{array}{ll}0, 0\leq x\leq a2 \int_{a}^{l}h_{1}(t) exp [-\int_{l}^{t}\{1+A_{1}(s)\}h_{1}(\epsilon)d_{S}]dt, a\leq x\leq 1\end{array}$
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$G^{\cdot}(x)=\{\begin{array}{ll}0, 0\leq y\leq a\beta(2\int_{a}^{y}h_{2}(t)\exp[-\int_{a}^{t}\{1+A_{2}(s)\}h_{2}(s)ds]dt+I_{1}(y)), a\leq y\leq 1\end{array}$




m-silent vs. 1-noisy$(1974)$ Kurisu 2-silent vs. 2-noisy$(1986)$ Rudzik Owlowsky
l-noisy vs. k-silent l-noisy $1$-noisy $v\epsilon$ . $1- noisy\cdot k$-silent
$(1984\sim 1992)$ Kurisu (1990) $m- noi\epsilon y$ vs. l-silent
open problem
-
Player I II II I I
Noisy Duel 1971 Sweut Player nn
Silent
Teraoka $Sil\bm{m}t$
$Noisy$ Silent-Noisy $(1975\sim 1981)$ Cegielski







$Kuri8U$ $(1997,2000)$ 2 bayla $(1998\sim 200)$
. . .
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